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A NOTE ON WSAKLY COtr{PACT OPERATORS

This paper is intended-to.p. 
" 

t"loj on'iecent re_sults in cr-algebras,from the pointof view of the isomor-phtc theory oi namgp s;rces. Most ;i tn..-iiiJirate In the funda_mental woik of Grotf,endte"k o;.,r-;kit;;;;; ";";;;r';;; t.h#;;ffi:t; ;;,,ff_nach spaces. See [b] - I7t. ---. -*-'

" Though the ,lTglll. :-f !*-,alSebra hraq bgen intensivety investigatedfor a long time, the idea.to make""." ot 1..noi,il;i;'tfr"]*"*;'rpili;
theory' of Banach spaces is quite new.rt was noted by Gordon and Lewis in tal thai K (8,.8) (the Banachspace of all comnact operators_aeting on th'e hiin-"rt*p^dertianal(u-,iljfail to have a* Iocal^ 

"o"o"aiiio"^i structure and perhaps the same istrne for all non eommutatir-e c*-argebras. rlowe"u" in" iu.k of eommu_tati'ity is supplied by the-presenee"of , -od"fi;;J enougn to makepossible the use of powerfu_rl-techniques originally tiown i"" ?ts) .pr".*lespeeiallv those deveropped br E.p. no-s.iffi"j;Tiif r"a ulrt.-iluiwas the starting p-oint in writting the present renort.
The results dilcussed here hive le.n unniun6*i"iry the author atthe svmposium on lrnctign^4-Analysis -"d tilApp;;#8ns nero at cra-iova on November Z-5, lgTg

1. TIIE I}UNFOND .P[,ITIS PNOPERTY

-- . According to [5] a Ban-afh space lg is said to have the Dunford_Pettis^-property if everq weakrv cimpact op"r"to"-a"frned on -E mapsweak^cauchy_ sequences into noim caricny *"-q"""."*.TiJnrui" ;;p6;are c (B) and L' (v). rn the context ot c*-ar!"t*il;G. noted in []"0!the following
1.1. THnonnM ehe noncommutatioe Dunforit_pettis _gtroqtertfi. fIT is a weaktE compa,ct operator itefi,ned, o"7- ii_itsliil,," tnr"

:BY

CONSTANT1N P. NICULESqU

ln^l 3 0 implies llTn,ll -> 6.
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CON ST,3.NTII{ NICUI,EISCU

Hero the m,oilulus is itefi,ned, bv t' l - ( 
z*s ! az+ 

)tr2 
'

fn the commutative c&se (i.e., in tho case of C (B) spacos) nn 3 o

a,llways implies ln,l L 0 and. thus the result above extends Theorem l_

in l5l.'* t"i.Z. 
Eaample. fhe restriotion on positivity in Theorem l.i above

o*oool'-U" ";;;"d as shows tho followin_g constru-gtion .Lot (e")' be tle
;""d;"d "u.to. 

basis in lz and lst O: E1tu,1u1aX(lr,bl bothooperator
;hirt associates to each compact operator 1' the op-erator T"Pr where
'il-denotes 

the orthogonal piojection onto @'e*' Then-:'- *;i"6:";;""i;;#r;in-r",ien , uiiuert Jparfo anq thus o isIg?F.ly

".,-ouft. r" t""t" o :7"u wherl U er' (K(t;t"\rlrl is givonby a (rr:
ITrr-u"a i ,L(tr, K(lr,tz)l is given by.P (r),: !, a) u'- ^-iiir,"t r"-ui-tne boiniiact gperalor"sl:"n bv fp* T:-*Jo: e".1

< r atia ToerL 0 for lc >nl n eN. Then (T,frrE) -+0 tor eu fit a e

e Iq. so that ?"50. siot" l[,ler:dr,for k<n andlfrlg*=.0forlb>

=':""i 
ir ;i;r:thai 1 l?,,1),'is'iot weak converging_ in_-K (I2' Ip). - .,iii) o Q"\:"T::P;': <.,ar) a*o,t so that llo !?') - o (?") ll :

:V|f"'or rn J t. Coo*.qoently the image of a weakly convorging sequ-

oncl is not nocossarily norm converging'

2, THE DIEUDONNf PROPERTY

Accordingto[5]aBanachspa'ceEissaidtohavetheDieud.onn6
property if every gi"i^;q" 

" 
a"n"'"1 on E is weakly compaot proviclocl

that T *up* *"u,t' Cauchy sequences into^.weak converging sequences'

lih"* Gri" ;;;-pt"* are C (S) spaces and roflexive Banach lpac,es' In the

"J*""t "t-7i*itg"U.us 
we' can prove results of the following type:

2.l,Trrponnu.LetTbeaposi'tioebound'ed'tiySarm'appi'ngtrom'
M : K (H, H) tnii i"' oid,ered, Eanach, s,tace 4. .with closed generating

cone. Then f * eiinei weaktg com,tact or tie restrictton of I to a subspace

iiomorphic to cs is an isomorp-hism'
Proof .I-.,et ris .t-;d9;q t"-* T, it not weaklv c-ompact' Then bv

combining Theoreil iI.iiZil" [1] with 1,emtna 1.1 in [13] it follows that

there exist* , u"qo"o"* u:t'oo"ri-i ffitfi;il--f.ZB'*+, d sequence (e'i)o

rT pir.*iiJ di*j"iitTp"oi""tio"t in' r{ and 0 { e { I such that

( T'nL, e;>>8 ,ou 
,4* 

( T'n!n', e';> <e'

Notice that
e (n"\ : suP C (r)' 0(r-<r"

reM

* A well known result due to M' G. Krein asserts that thc dual cone in 'E' is generating

and thus an appeal to tn"-il"i.u category Theorem-yielcs a constant M> o such that each

g' e E' can be-decomPosed as follows

a' ou' - u' with u', v'70 and llu'll, ll/ll<M ll/ll'
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for eaeh o" eM", e',)0 atd each g-e E'r g> 0. Consequently thereexists & Boquence 'of norm-i p*iii"" ,itum"ritr'", !.d"Jo"n tuut"
( r'o'", oo) ) 8 and ,I, ( r. I,a!2) < e. 

:

Girq a-finite family (oJ. of ncala,rs, let us choose &'o6 with lcal:: sup lo" l. Then

llLa^To,ll) I a,oa,,, (To.,)l -.E laro,,, (Io*ll>
> (8 - ella,,l - (8 - e) sup lo.l

and

llXooTooll < llfll. llXo,o"ll < ll"ll sup fo,f,

g[4 implies that Bf,an- (co)o is isomorphio to o6 and the restriction of ?to Span (oo)o is an isomorphism, q.e.d.

3. TFE NADON -HIKODIU PROPERTY

.. +,Ban1c\_space D is said to havo the Eadon-Nikodym property(i.e.' E has -B.-l[.P.) if every absolutery s3mming qp""rto" ir";;;p;;tc (B) into P is_nuclear. The basic exafoptes- a""-"efl'1"-i; Bu;ach s;;;;;and separable duals. rn the last decade riuch effort *u* doo" tor uiaer-
standlng_ tle geometry and tho isomorphic. proporties of Banach ,p;;;*with R.N.P. The interested reader iray -coisult tn" -ooograph ofDiestal and uhl [3] for a comprete piciure oi inis-Tiaa.

rn the eontext of c+-alg_ebras the author has proved. the followingcharacterization which reminas tho case of nanaci- .p-u"", with localunconditional structure treated by him in t8l and [9j':3.1. Trmonnm. Xor E a seltarable C*_i,tiebra thi joltou:ing asserti,onsure equioalent: r-'

i) E' has R.N.P..;
ii) E' is weaklE compacilg generated,;

iii) Z contains no isomorpthic coptg of hi
iv) E' contains no isomorpthic copty oI Lr [0, 1] ;
y) n' contains no isomorpthic copg of a space \ (r) with card r >) Eo'
Except for ii) and v) all assertions above are also equivalent for non

separable C*-algebras.
similar results were obtained by Teleman [14] in the context ofelementary C*-algebras.
Sketch of proof.

. flg arguments are very similar to those used in l-gl. The eouiva_
Jences_ iit) _+ io) + o) hold. for any Banach space ana- this tacd wasromarked by _Pelczynski and Eaglen; _soe Eaflor and stegall , Br"inspees whose iluals contain aomTflementeil subsptdes isornorptni;i to c [0, ij;,



Journal of ,Funct. Anal., 13.(19?3), 233-25r',It is also well knoryn that
ii\+i+iii'\.

fhe-fi'oot ot iii) + ii) depends -on tbe following fact:
L"i'M* Uu a prl,aual'of i yop Neumann algebia and let -A be a

oto*"a soU*pfi,oe ot fr;: Th;"-;iiher / contains a,sribspage complenlentetl
i;ffi ;;d i;;."p[idto l, (t') ior some nnoonntable set ] l, Card 'I ] t{0,

or there exists a-positive I e Mx suoh that

o e M, n7 O, e (r) : g irirplies tr (o) : 0

for all ). e,4-. Compare with Lemma 1'3 in .t121'
Now let o* u.ippo*" tnit e oontains no isomorphio oopy.of It, Si'nry

iii\ + ,) tne anova'rlmart ii*ra* a positive funotional g e E', suoh that

. & e.,8"', n>0 q(u\':.0 imPlies I(a) : g

forall),.eD'.BytheR,adon-Nikodymtheoremitfollowsthat'nt"" 
[- q, q] : E' and.it remains to obsetrve that the interval [- qt q] is

"'uoot$r-#"n?ll;t above it follow-s that the a"u! qt K (Er,'Er) i'e', the

sna,ee of all nuolear-operators aoting on E, has R"N'P
"o^* iiati ii"iiiit.'{tt"r lbi dp--"" has 6een accoptetl for publicatiin

*" ,affqrh;t1;;'";;.i cG1i"6- to" all operators given on K(H, H).

Receioed. Nooember 13, 7gf g . Uni*etsit. of Craioua
De Partment of lVlulhemalics
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